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Abstract:

Inagraph G = (V,E) the set of vertices S € V is a dominating set if every vertex in V — S is adjacent to at
least one vertex in S. The domination number y(G) of G equals the minimum cardinality of a dominating set
S in G and the set S is known as y-set. The gamma graph of a graph G has its y-sets as vertices and any two
vertices are adjacent if the corresponding y-sets differ exactly by one vertex. In this paper we try to include
the study on the gamma graphs on corona, join and cartesian product cycles and paths.
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l. Introduction

Throughout this paper we consider finite simple graphs G = (V, E). We use standard notations of graph
theory as in Balakrishnan and Ranganathan [4]. For an introduction to the theory of domination in graphs we
refer to Haynes et al. [13].

AsetS < V of vertices in a graph G is called a dominating set if every vertex v € V is either an element of
S or is adjacent to an element of S. The domination number y(G) of G equals the minimum cardinality of a

dominating set S in G and a dominating set of cardinality y(G)is called a y -set.

The concept of the gamma graph is introduced by Sridharan and Subramanian [1]. Let S be the collection of
all y-sets in G and the gamma graph of G, denoted by y. G is defined as the graph with vertex set S and any

two vertices S; and S, are adjacent if |[S; N S, | =y(G) — 1.
Sridharan and Subramanian studied the following:

) The gamma graphs of path and cycles. [1].
i) Every tree is y- connected. [1].

iii) Trees and unicyclic graphs are y-graphs [2].
Lakshmanan and Vijayakumar [3] listed the following in their work:
1)  Forbidden subgraphs on five vertices of the gamma graphs.

i) The collection of all gamma graphs is closed under the cartesian product.
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1ii)  Some properties of cographs and their gamma graphs.

Fricke et al [5] have found that every tree is a gamma graph of some graph. Isaac and Bhatt [6] mentioned

the inductive method of obtaining the gamma graph of cycle Cs;..,. They obtained y. C5; 41 iS 4- regular.

In this paper we have investigated some results on gamma graphs under different graph operations such as
join, corona and cartesian product of two graphs.

I. Preliminary Concepts

Definition: The corona product G;® G, of two graphs G; = (n,,m;) and G, = (V,, E;) is defined as the
graph obtained by taking one copy of G, and n, copies of G, and then, joining the i*" vertex of G, with an

edge to every vertex in the it* copy of G,.
I11.  Result

Definition: Let G, = (V4,E;) and G, = (V,, E;) be any two graphs. The cartesian product of G; and G,
denoted by G, O G, has vertex set V(G,) X V(G,) and two vertices (u,, u,) and(v,, v,) are adjacent if u; =

vl a.nd uzvz € E2 or, uz = Uz and u1171 € El'
Theorem: If G = C;0P,, theny.G is 2n-regular.

Proof: Let {uq,uy, ..., Uy, V1, Vg, or, Uy, Wi, Wo, ..., W, } be the vertices of G. Clearly y(G) =n. Let us
consider a set of vertices S = {u,, u,, ..., u, } as a y-set of G, and by replacing u,, by v,, and then by w,, , we
can obtain new two y-sets of G, say S; = {uy, uy, ..., Up_1, Vp} and S, ={uy, uy, ..., U1, Wyt respectively.
We can repeat the procedure for each vertex of S, and it produce two different y-sets each time. Hence, we
have 2n different y-sets and by the definition of gamma graphs, degree of vertex in gamma graph is 2n.

Thus, y.G is 2n-regular.
Observation: The number of y-sets in Cartesian product of C; and B, is 3™.

Definition: The join of two graphs G; and G,, denoted by G, V G, is the graph with vertex set V(G;) U
V(G,) and edge set E(G,) UE(Gy) U{uv : u € V(G,) &v € V(G,)}.

Theorem: y - C,, V B, has K,, as induced subgraph; for n > 3.
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Proof: Let V = {v,,v,, ..., v, } be the vertex set of C,, and U = {uq, uy, ..., u, } be the vertex of B,.

We know that y(C,, V B,) = 2 i.e. the y-sets are of cardinality 2.
LetS = {vj,ui}; u; €U &v; eV bethey-setand |[V| =m,|U| =n.
So, we get no. of y-sets as mn.

If m> 6 &3 < n < 6 then, the no. of y-set is mn + p. Where, p is the no. of y-sets of the form
{ui,uj};i <]

If n > 6 &3 <m < 6 then, the no. of y-set is mn + q. Where, q is the no. of y-sets of the form
{vi,vj};i <]

If 3 <m,n < 6 then, the no. of y-setismn + p + q.

ie. in each case we get at least mn y-sets say,

v, w}, o (v, un b {vo, ue b, oo {vo, und, oo {v ue b e, {v, w3

Form=n & m<n, {vj,ul}: 1 < j < m are adjacent to each other by the definition of gamma

graph. Thus, K,, is an induced subgraph iny - C,, V B,.
Observations:

vy Cn V Pp= K, form > 4.

y-Cp V P, = K,form > 4.

vy Cn V P;= K, form > 4.

y-C3 VP =K,

y-C3 VP, = K.

y-C3 V Py = K,.

y'Cg VPn= K3f0rn>3
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Definition: The corona product G;® G, of two graphs G; = (n,,m;) and G, = (V,, E;) is defined as the
graph obtained by taking one copy of G, and n, copies of G, and then, joining the i*" vertex of G, with an

edge to every vertex in the i** copy of G,.

Proposition: [9] Let G be a connected graph of order m and let H be any graph of order n then y(G © H) =
m.
2n —regular graph ,if k =2
Theorem: y -C,, © P, = { n—regular graph,if k=3
Ky, if k>3

Proof: Let V = {v4, v,, ..., v, }be the vertex set of C,, and W = {U,, U,, ..., U, } where each U; is a set of
vertices of path. i.e. U; = {uy;, Uy, ..., U ;1 < i < n because in C, © P, we have n copies of P, and

v(C,, © P,) = n by above proposition.
Let, V = {vy,v,, ..., v, } be the y-set of C,, © Py.

For k=2, the possible y-sets are S; ={uiy,vs o, Vn} oo, Sn = {V1, Vg, oo, Uin} Spgr =
{uy1, V2, e, Ui} wor, Son = {V1, Vg, ..., Uyn }. Each S;’s are adjacent to each other and with V' by definition of

gamma graph.
Therefor, y - C,, © P, is 2n- regular.

Similarly, for k = 3, possible y-sets are S; = {uyq1, V2, ..., ¥}, oo, Sn = {V1, V3, oo, Upn}. SO, ¥ - C,, © P5 IS

n- regular.
For, k > 3 we have unique y-setsay V. Thus, y - C,, © P, = K;.
IV.  Conclusion

We have taken the initiative to study the nature of gamma graph on different graph operations like cartesian
product, join and corona of two graphs and observed that the gamma graph of cycle of order 3 cartesian
product with path of length n and corona of cycle and path is a regular graph.
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